Higgs Inflation in Horava-Lifshitz Gravity 
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We study the possibility of standard model Higgs boson acting as an inflaton field in the framework 
of Horava-Lifshitz Gravity. Under this framework, we showed that it is possible for the Higgs field 
to produce right amount of inflation and generate scale invariant power spectrum with the correct 
experimental value. Thanks to the foliation preserving diffeomorphism and anisotropic space-time 
scaling, it essentially helps us to construct this model without the pre-existing inconsistency coming 
from cosmological and particle physics constraints. We do not need to introduce any non-minimal 
or higher derivative coupling term in an arbitrary basis either. 

PACS numbers: 98.80.Cq 



Introduction. It has been widely accepted that our 
universe has experienced an exponential expansion in the 
very early stage of its evolution. Thanks to this exponen- 
tial expansion, it explains the flatness and homogeneity 
of our universe. It also helps to get rid of heavy parti- 
cles such as monopoles which would otherwise alter the 
present state of evolution of our universe. This exponen- 
tial expansion is called Inflation [lj-Q . Most interestingly, 
inflation also helps the quantum fluctuations to evolve 
into a classical curvature perturbation which eventually 
sources the seed of structure formation in our universe. 
By choosing a particular model of inflation, the primor- 
dial power spectrum for the curvature perturbation can 
be made scale-invariant which fits very well with the lat- 
est WMAP data Q. Moreover, all the other known cos- 
mological observations also support the inflation in the 
early universe. 



Constructing a model of inflation has been the sub- 
ject of interest for the last several decades. The simplest 
and phenomenologically most successful model of infla- 
tion so far is a model of a single scalar field called inflaton 
which drives the exponential expansion. One of the fun- 
damental issues with the standard inflationary model is 
the origin of the scalar field. As we know standard model 
of particle physics which is most successful, contains a 
natural scalar field called Higgs. Although Higgs field 
has not been observed yet, it would be natural and also 
economical if one can identify this Higgs as an inflaton 
field. However, because of the strong self-coupling which 
is constrained by the particle physics, it has been ignored 
in the past in the inflationary model building. The rea- 
son can be seen from a straightforward estimation of the 
power spectrum for a minimally coupled Higgs field with 



the following action, 



S H = J d 4 xy^[K 2 R-^D^WD»H-'-^-{WlI-v 2 ) 2 } , 

(1) 

where n 2 = l/(167rG), R is the Ricci scalar, H is Higgs 
boson doublet, is the covariant derivative with respect 
to SU(2) x U(l) gauge group, Ajj is the self-coupling 
coefficient and v is the vacuum expectation value (VEV) 
of the Higgs. Hereafter, we adopt the metric to be 



ds 2 



dt 2 ~a 2 {t)dx 2 



(2) 



At the energy scale of inflation we can ignore the VEV 
of the Higgs field. The action therefore turns out to be: 



S H = J d 4 x^[ K 2 R - \d^<f> - ^-</) 4 ] 



(3) 



where we consider a real scalar field <p in place of H for 
simplicity. The equations of motion for the metric and <p 



H 2 = ^f(^ 2 + ^), 4> + 3H4> + X H ^ = 0, (4) 

where H denotes the Hubble parameter and H = dH/dt. 
In order to get sufficient efolding, we impose a "slow-roll" 
condition 
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IP- 



« 1 , 



(5) 



which essentially sets cf> ^s> 1 in Planck unit. Now fol- 
lowing Ref. (H, the primordial power spectrum of the 
curvature perturbation turns out to be: 
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If we take <j> > 1, the observed power spectrum ~ 1CP 9 
sets the limit on A# to be < 10~ 9 . This is in direct con- 
flict with the standard model prediction of Higgs coupling 



2 



0.11 < Xh < 0.27 jg]. This severe constraint makes it dif- 
ficult to construct a minimally coupled Higgs inflationary 
model. 

In order to get rid of this inconsistency, only recently 
people have come up with a non-trivial modification of 
Higgs action with the gravity The simplest non- 

minimal coupling term that has been introduced (§] is 
£,R(f> 2 where £ is the coupling constant. In this model 
considering the slow-roll parameter e ~ £~ 2 0~ 4 , the ex- 
pression for the cfolding number becomes AT ~ £,<j> 2 . Thus 
required amount of M gives <f> ~ 10/ V^- Considering 
this constraint on cj> and 0.11 < Xh < 0.27, one can eas- 
ily produce the experimental value of the power spectrum 
Vt, ~ Xh <i> 4 ~ Xh£,~ 2 ~ 0(1O~ 9 ) by choosing the new pa- 
rameter £ > 10 4 . However, later it has been pointed out 
that, this scenario is plagued with the unitarity problem. 
More specifically, at the quantum level, this non-minimal 
coupling term ^S(f> 2 d 2 j (7 = Tr(7 MI ,)), where 5(f) = 4> — 4>o 
and 7^1/ = g^ v —J] ay are the quantum fluctuation around 
the background [ll| , will violate the unitarity of S- matrix 
at an energy scale A ~ This should be considered 

as a cut-off for the effective theory. This scale scale turns 
out to be much below the typical fluctuation of the Higgs 
field during inflation as discussed above fl2l |. 

To circumvent the above mentioned problem, the au- 
thors in [H introduced an alternative kinetic coupling 
of the Higgs field with gravity of the form G^d^d^cj), 
where G^ v is the Einstein tensor. This new non-minimal 
coupling term also gives rise to a unitarity bound A(H) ~ 
(2H 2 / k) 1 / 3 but the claim is that this bound is well above 
the gravitational energy scale during inflation. However, 
soon after this, a careful analysis has been done in [l3[ 
and showed that unitariry is actually violated in this 
model as well. In an another attempt authors of flpj ] 
have introduced a non-trivial higher derivative kinetic 
term G((d(f>) 2 , 4>)0<f> in addition to the usual Higgs La- 
grangian. This construction is inspired by the recently 
proposed theory called Galileon theory [14J . The impor- 
tant property of this new terms is that it does not lead 
to an extra degrees of freedom (ghost) because the equa- 
tion of motion for the Higgs field is still second order in 
derivative. This new term modifies the dispersion rela- 
tion of the scalar field and helps to produce the sufficient 
number of cfolding as well as required amplitude of power 
spectrum. However, more detail study needs to be done 
regarding the unitarity problems of this kind of model. 

In this Letter, we propose a new scenario where Higgs 
inflation can be realized in the framework of Horava- 
Lifshitz (HL) gravity 15J. HL theory of gravity is known 



to be invariant under a foliation perserving diffeomor- 
phism 



x i =x i (x j ,t), t = t(t) 



(7) 



anisotropic scaling transformation of space and time like 

~i -> , t-> b 3 t. (8) 

Moreover, it is also argued that in the low energy limit, 
theory flows to the standard General Relativity (GR) 
where the full diffeomorphism invariance is recovered as 
an emerging symmetry. All these interesting properties 
trigger a spate of research works in the diverse directions 
for the last few years, see the current status of HL theory 
from the reviews [16|] . Although the original version of 
Horava gravity ma y b e plagued by the extra unwanted 
degrees of freedom [17j , later on different extensions have 
been proposed in order to cure this [IH, [l|| . In this letter 
we will adopt the original version of the Horava gravity 
to construct the Higgs inflationary model, while leaving 
concerns over the other versions of Horava gravity for our 
future study. 

Higgs Inflation in HL Gravity. With the symmetry 
under consideration, it is customary to consider the 3 + 1 
decomposition of the space-time metric: 

als 2 = N 2 dt - h, , id.,-' + N i dt)(dx j + N j dt) , (9) 

where N(t,x), Ni(t,x) and hij are the lapse function 
and the shift vector and the spatial metric respectively. 
The most general HL action without the condition of 
detailed balance will be of the form [22| : 

S = k 2 j dtd 3 xN^(C K - C v + k~ 2 Cm) , (10) 



where 



C K = Ki S K** - XK 2 , (11) 
C v = 2A- R + K- 2 (g 2 R 2 + g^R l3 R 13 ) 

+ /,• 1 ://,/,"'' + g 5 RRijR ij + gjrjiilt':) 

+ K- 4 (g 7 RV 2 R + g a (y t R lk )(V l R3 k )) , (12) 



C-M — 



2N 2 



-N^iCyf -V{(t>, gij ) 



(13) 



Interestingly, the theory can be made power counting 
rcnormalizablc in four dimension if one introduces an 



here K l} = (hij - ViiVj - \7 j N l )/(2N) is the extrinsic 
curvature, and A is a free parameter. In IR region, A 
flows to unity to recover GR. The potential term reads: 

V(4>,9a) = W) + ^iW>)(V0) 2 + ^ 2 (0)(A0) 2 
+ W)(A«£) 3 +y 4 (0)(A 2 0) 
+ y 5 (</O(V0) 2 (A 2 </>) + ^ 6 (0)(A0)(A 2 0)(14) 

Note that we consider <j> to be the Higgs field, so the 
background potential will be Vo(</>) = A#0 4 /4. The back- 
ground equations of motion for the metric @ and field 
(j) are: 

K - 2 (i ( /, 2 + y o (0)) + 3H 2 (l-3A) = , (15) 
k " 2 (t^ 2 ~ Vo(4>)) - 3H 2 (1 - 3A) = 2(1 - 3A)£(16) 



ZH<t> + V o0 = 



(17) 
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where Vo$ = dV^fa) / dfa We also set cosmological con- 
stant A = 0. The expression for the slow-roll parameter 
e and the number of efoldings M will be of the same form 
as that of the standard GR, namely, 



H 

IT 2 



V 2 
* V 2 ' 



fft v 
Hdt ~ / 77— # . 

(18) 

As we have discussed, numerically it is easy to find out 
the solution for slow-roll inflation for sufficiently long pe- 
riod as shown in Fig. [T] We want to emphasize here that 
in usual Higgs inflation scenario, the Hubble parameter 
(or scalar potential) is very large because of large Ah, 
which eventually leads to a large curvature perturbation 
compared to the observed power spectrum. Thanks to 
the foliation preserving diffeomorphism and anisotropic 
space-time scaling of HL Gravity, in the UV limit it turns 
out that the evolution of the curvature perturbation de- 
pends only on the higher derivative term of the Higgs 
field and not on its potential (2^]. This is the key point 
that makes the Higgs inflation feasible in the framework 
of HL gravity. 




FIG. 1: (Colored online.) The evolution of fa H, e and J\f. 
Horizontal axis is the cosmic time t. Parameters and initial 
values: A = 1.2, \ H = 0.2, v = 0, fa = 5M pl , fa = 0. The 
normalization is M p i = 1. From the figures we can see that 
at the end of inflation we have approximately far ~ 0.54A/ P ; 
and H f ~ 0.2M pt . 



Perturbations and Scale- Invariant Power Spectrum. 
The cosmological perturbation in the HL gravity has 
been widely studied 2f| . We expand the scalar field and 
spatial metric as follows: 



fat,^) = Mt) + Q(t,-$) , hij = cPyy^Sij . 

(19) 

In the cosmological perturbation theory, it is customary 
to write down the equations of motion for the perturba- 



tion in terms of a gauge invariant variable 

<f>0 



C = 7 



(20) 



which is a linear combination of metric and scalar field 
perturbation. The equation of motion for the gauge in- 
variant perturbation £ can be further simplified by defin- 
ing an another variable u = avKC where KZ is given in the 
appendix. The final equation of motion of our interest 
would take a very simple form: 



u" + w> = . 
The modified dispersion relation is 



a?M' 
K 



K' 



K! 



(n + —) 2 -(H + —y 



■2k: 



2JC' 



(21) 



(22) 



where "prime" denotes the derivative w.r.t. conformal 
time r\ with dt = a(t)dr). The expression for the effective 
mass M. is also given in the appendix. 

It is intuitively obvious that the terms coming from 
higher spatial derivative will be dominant in the expres- 
sion for u> u in UV regime. In Fourier space, the leading 
order behavior of uj 2 would be uj 2 — > a 2 K~ 4 (f — A)(3gs — 
8<?7)fc 6 / (f — 3A), where k = k/a(t). k is the wavenumber 
of fluctuation. The equation of motion therefore becomes 



„ a 2 (l-\)(3gs-8g 7 )k h 

u + ^T^a) u = 

The solution turns out to be: 
1 

: exp 



uj u dr] 



(23) 



(24) 



Moreover, amplitude of the fluctuation freezes out at 
horizon crossing where uj u is comparable with the Hub- 
ble parameter H. From the definition of power spectrum 
©, we find: 







U |2 


»( 







f - A 



4(f-3A)(8 57 -3 58 ; 



(25) 



which is almost scale-invariant on the superhorizon scale. 
Note that A, gj and g$ are all free parameters in our 
model, with A either greater than f or smaller than 1/3 
in order not to cause the ghost instabilities. Therefore, 
by choosing the appropriate values of those parameters 
we can set (f - X)/(8g 7 - 3 58 )(1 - 3A) - O(f0" 36 ), in 
order to get [P^ | ~ 10~ 9 . We also would like to emphasize 
here that because of no nonminimal coupling term in our 
Lagrangian, we do no need to worry about the unitarity 
problems. 

In the low energy regime, lower spatial derivatives 
terms in the Lagrangian will start to dominate in the 
expression for u) u . We can therefore approximate the ex- 
pressions for JC and ui u up to Oik 2 ) as follows 



K -> 2e , 



(26) 
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where e is defined in ((18)) . One can easily sec that the eq. 
(l2~Tj) reduces to the usual form of canonical single field 
inflation in GR Q. 

End of the Inflation and Estimation of Reheating Tem- 
perature. As is pointed out in one can assume that 
the reheating happens right after the inflation ends due 
to the strong interactions of the Higgs boson with the 
standard model particles. At the end of the inflation one 
has e = —H/H 2 ~ 1 which essentially sets the kinetic en- 
ergy of the Higgs to be of the same order as its potential 
energy i.e. 2 ~ ^(0/) = A_y0y/4. By using equations 
(|T5|) and (fT6|) . this eventually fixes the energy density of 
the scalar field at the time of reheating as 



Pit = + v(H) 



3A 



H 



(27) 



0.54A/ p/ . Inther- 



where numerical calculation gives 
mal equilibrium the energy density of the radiation field 
can be written as 



g^T 4 
30 



Pi 



(28) 



where <?* ~ 106.75 is the numbers of relativistic degree 
of freedom and T is the equilibrium temperature. The 
reheating temperature T re h can therefore be computed 
by assuming /? 7 ~ p l p J at the end of inflation. So, we get 



T, 



reh 



9QA g 0) 

8g*7T 2 



O.IMn 



(29) 



This is consistent with the constraint from Big Bang Nu- 
cleosy thesis. 

Discussions and Conclusion. In this Letter we dis- 
cussed about the possibility of realizing Higgs inflation 
in the framework of Horava-Lifshitz Gravity. One of the 
main problems with the usual Higgs inflationary model 
in standard GR is that it produces a large curvature per- 
turbation because of large self-coupling. In order to solve 
this problem various non-minimal coupling prescriptions 
of Higgs with the gravity have been proposed. Most of 
these models are not well established yet. In some mod- 
els [1, Q people have already found the unitarity viola- 
tion which makes those models inapplicable at the in- 
flationary energy scale. In this letter, we proposed a 
new way of realizing Higgs inflation in the framework 
of HL theory This theory is invariant under the foli- 
ation preserving diffcomorphsim. The space and time 
transforms differently under the scaling transformation. 
As we have argued because of these different space-time 
transformation behavior, the dynamics of the curvature 
perturbation becomes independent of the Higgs poten- 
tial in the high energy limit, which eventually breaks the 
strong inter-connection between the flatness of the scalar 
potential and the scale invariant power spectrum. This 
in turn makes the Higgs inflation to work. Furthermore, 
we estimate the reheating temperature and find it being 
well within BBN constraints. 



Connections between cosmology and particle physics 
is an important arena of physics for the last several 
decades. Due to its novel properties in the UV regime, 
Horava-Lifshitz theory may play an important role in 
connecting the cosmology and particle physics. In this 
Letter we tried to make a connection between these two 
through Higgs inflation in the framework of HL gravity. 
However, we only considered the scalar perturbations to 
leading order, while higher order perturbations, such as 
non-Gaussianities in curvature perturbation and correc- 
tions from loop-level Higgs scattering, are also interest- 
ing. Furthermore, studying tensor perturbations in this 
scenario are also important to fit the data. We leave all 
these subjects to our future study. 

Acknowledgements. T.Q. thanks X. Gao, S. Muko- 
hyama, Y. S. Piao and R. Brandcnbcrgcr for useful dis- 
cussions. The work at CYCU is funded in parts by 
the National Science Council of R.O.C. under Grant No. 
NSC99-2112-M-033-005-MY3 and No. NSC99-2811-M- 
033-008 and by the National Center for Theoretical Sci- 
ences. 

Appendix. The coefficients K. and M that appeared in 
the text arc defined as: 



K = 



to* 



(30) 



1 , x „„„n 1 o/3 ^1^2 ■ 



M^m 2 -^ + -(f,+3Hf,)-—d t (a^^). (31) 



Furthermore, 



Si = ffa + 2C 7 (</> 1 H)' - fyry , 



(32) 



H 



2m -r- - to 07 - (/ 07 + 3i//0 7 ) - / 7l - - 3/ 7 -j- , 

00 00 00 

(33) 



.2 



11' 



H 



H 



+ mL T +ml- c 7 (0o l H\ 2 - f^^Hy 



(34) 



U = 2c 7 (0o 1 H)'- — hc 07 (0 o " 1 iJ)'+/0+/ 7 ^-+/ 07l -+/ 07l - 
0o 0o 0o 0o 

(35) 



C0 



2(1 - 3A)iJ 2 



, c 7 



2(1 - 3A)0 2 
d 



4if(l-3A)0 o 
d 

(36) 



_ (l-A) , (l-3A) gi , ( (l-A) WjL , 9 4 

h = -^- ( 7r^Ar^ o+y ° (0o))0o ~^" 14(0o)0 v 

(37) 
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f y = 18(1 - 3X)H - 16k 2 H 



(1 -3A) d 2 
d a? 



3k 



4(1 — A) • d 2 



(38) 



(39) 



^-^^I^HkX^o)}- — (l-3A)Vk(0o)^ 

(40) 

- + K- 2 (y 2 (0 o ) + y 4 '(0 o ) 

(l-A) T ,^ u (l-3A) gJL ...a 4 
— V4(0o)(— — H( Po + Vo(0 o ))) — 



V 6 (0o)-« 



(1-A) 

(1- A) „ 9 , , ,<9 8 . 

a 6 + 2K 2 d 



i 2 1 



(1-A) (1_3A) • , ^ 



4k 4 (1-A) 2n 2 d (1-A) 



d 2 

,2 



— + 2 K - z (8g 2 + 3g 3 ) — 



<9 4 , 8(1 - A) 2 cf_ 



+ 2K~ 4 (8 ff7 - 3 58 ) 



8 6 1 

_- 9 [3(i-3A)if 2 + -K- 2 <$p) 



, -2 V 'U s | 4(1 -A) (1-3A) ■ 5 2 
3k VqOPoJH ^ (1-A) V o('?o))^2 



rP (1 — A1 r)° 
6k-V 4 (^ )^ + 4^— ^V^oA 
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